Consider the average of the first n k-th powers. We pose and answer the following natural question: For which values of n and k is this average an integer? If k is odd the answer is easy; it is an integer as long as n is incongruent to 2 modulo 4. If k is even then the criterion involves the denominator of the k-th Bernoulli number. The average is an integer iff n is not divisible by any prime which divides the denominator of the k-th Bernoulli number.
The Swiss mathematician, Jakob Bernoulli (1654 -1705), successfully sought a general method for summing the first n k th powers for arbitrary positive integers n and k. Let us define
Define the average of the first n kth powers by
We pose and and answer the following natural question: For which values of n and k is µ k (n) an integer?. Our answer, although it does involve the denominators of Bernoulli numbers, which undergraduates may not have see, relies primarily upon elementary divisibility arguments.
Background In his Ars Conjectandi, published posthumously in 1713 and dedicated primarily to the theory of probability, Bernoulli presented a recursive solution for S k (n). It states that for k ≥ 1,
where the binomial coefficients are defined as usual
Furthermore, if we define what are now called the Bernoulli numbers by
then for k ≥ 1, the sums S k (n) satisfy:
The Bernoulli numbers are the rational coefficients of the linear terms of the (k+1) st degree polynomials, S k (n − 1). For example,
It follows that B 0 = 1, B 1 = - . In fact, B 2n+1 = 0 for all n ≥ 1. More compactly, we can define the Bernoulli numbers by the following power series: The denominators D k have played a less significant role in mathematics even though they can be clearly described. The Von Staudt -Clausen Theorem (1840) states that for even k, D k is the product of all primes p with (p -1)|k. An interesting consequence is that D k is square-free for all k. The theorem was proven independently (and nearly simultaneously) by the two mathematicians.
Examples
We begin by considering a few examples, deriving results directly using congruence relations.
• k = 1: We have µ 1 (n) = n+1 2 . Hence µ 1 (n) ∈ Z iff n is odd. This is an exceptional case due to the fact that B 1 = 0.
• k = 2: In this case, µ 2 (n) = (n+1)(2n+1) 6
. We claim that µ 2 (n) ∈ Z iff n is not divisible by 2 or 3. First, suppose that n is not divisible by 2 or 3. Clearly, (n + 1)(2n + 1) is even. If n ≡ 1 (mod 3), then 3|(2n +1) and if n ≡ 2 (mod 3), then 3|(n +1). In any event, 6|(n +1)(2n +1) and so µ 2 (n) ∈ Z. Second, suppose that n is divisible by either 2 or 3. If 2|n, then (n +1)(2n +1) is odd and hence is not divisible by 6. If 3|n, then n = 3k for appropriate integer k, and (n+1)(2n+1) = (3k+1)(6k+1) = 18k 2 +9k+1, a number not divisible by 3 (nor by 6).
. We claim that µ 3 (n) ∈ Z as long as n is incongruent to 2 modulo 4. If n is congruent to 0, 1, or 3 modulo 4, then 4|n(n +1)
2 . However, if n ≡ 2 (mod 4), then n(n +1) 2 ≡ 2(mod 4), and so 4 does not divide n(n + 1)
2 .
• k = 4: In this case, µ 4 (n) = (n+1)(2n+1)(3n 2 +3n−1) 30
. We claim that µ 4 (n) ∈ Z iff n is not divisible by 2, 3, or 5. Suppose that n is relatively prime to 30 (equivalently not divisible by 2, 3, or 5). Then n + 1 is even and (n + 1)(2n + 1) is divisible by 3. Furthermore, (n +1)(2n +1)(3n 2 + 3n -1) = 6n 4 + 15n 3 + 10n 2 -1 ≡ n 4 -1 (mod 5). But by Fermat's Little Theorem, n 4 -1 ≡ 0 (mod 5) and so 5|(n +1)(2n +1)(3n 2 + 3n -1). Hence µ 4 (n) ∈ Z in this case.
In the other direction, if 2|n, then (n +1)(2n +1)(3n 2 + 3n -1) is odd and not divisible by 30. If 3|n, then (n +1)(2n +1)(3n 2 + 3n -1) ≡ -1 (mod 3) and so is not divisible by 30. Finally, if 5|n, then (n +1)(2n +1)(3n 2 + 3n -1) ≡ -1 (mod 5) and so is not divisible by 30.
These examples hint that the situation is very different for odd and even values of n. We develop our main theorem in two sections. Only the even case involves the Bernoulli numbers. In both parts, we use the easily noted fact that µ k (n) is an integer if and only if S k (n) ≡ 0 (mod n).
An odd Theorem:
Theorem 1 For odd numbers k ≥ 3, µ k (n) is an integer iff n is incongruent to 2 modulo 4.
Proof Suppose k is odd and k ≥ 3. Since (n -a) k ≡ -a k (mod n) for all a, we can pair up the terms of S k (n) from the outside in.
(a) If n is odd, then
(b) If n is even, then there are two subcases depending on whether or not n is divisible by 4.
(i) If n ≡ 0 (mod 4), then
since k > 1 and n 2 is even.
(ii) If n ≡ 2 (mod 4), then
But n 2 is odd and so ( n 2 ) k is odd. Since n is even, ( n 2 ) k is incongruent to 0 (mod n).
An even more interesting theorem
Theorem 2 For even numbers k ≥ 2, µ k (n) is an integer iff n is relatively prime to D k .
Proof The Von Staudt-Clausen Theorem ( [1] , Theorem 118) states that the k th Bernoulli denominator D k = Π (p−1)|2k p (see [1] , Since in this case k is even, we may rewrite the formula as D k = Π (p−1)|k p. To prove our result it must be shown that S k (n) ≡ 0 (mod n) iff for every prime p|n that p∤ D k . By Von Staudt-Clausen it suffices to establish that S k (n) ≡ 0 (mod n) iff for every prime p|n that (p -1)∤k.
We will utilize the following easily established result valid for any prime p ( [1] , Theorem 119):
It is convenient to first prove the theorem assuming n square-free. We establish (1): (⇐=) Suppose that for all p|n that (p -1)∤k. Choose a prime p|n. By (2),
Similarly,
. But p arbitrary and n square-free implies that S k (n) ≡ 0 (mod n). (⇒) Suppose there exists a prime p|n such that (p -1)|k. By (2)
, which is incongruent to 0 (mod p) since p and n p are relatively prime. Thus S k (n) is incongruent to 0 (mod n).
Now suppose that n is not square-free.
(⇐=) Suppose that for all p|n that (p -1)∤k. If there is a prime p exactly dividing n (that is p|n, but p 2 does not divide n), Then as in the square-free case, S k (n) ≡ 0 (mod p). Now let p be specifically a prime p with p a ||n with a ≥ 2. (The notation p a ||n means that p a |n and p a+1 ∤n.)
Lemma: Let p be a prime with (p -1)∤k. Then
Proof of Lemma: (Induction on a) If a = 1, then
Assume then that the lemma holds for a -1, namely that 
For i ≥ 2, p (a−1)i ≡ 0 (mod p a ) and so all terms of (3) with i ≥ 2 are congruent to 0 (mod p a ).
For i = 0, Therefore, S k (p a ) ≡ 0 (mod p a ) and the lemma is proven.
Analogous to the lemma, it follows that
